Coefficient 
ties are determined for univalent functions with negative coefficients that are starlike of order a. and convex of order a. Extreme points for these classes are also determined.
1. Introduction. Let S denote the class of functions of the form fiz) = z + X°° na z" that are analytic and univalent in the unit disk |z| < 1. A 72 = 2 n ' ' ' function f £ S is said to be starlike of order a (O < a < 1), denoted / £ S*ia),
if Re \zf /f\ > a i\z\ < l) and is said to be convex of order a, denoted / £ Kia), if Re Si + zf" /f'\> a (|z| < l).
Let 7 denote the subclass of S consisting of functions whose nonzero coefficients, from the second on, are negative. That is, an analytic and univalent function / is in 7 if it can be expressed as oo (Ü fiz)= z-Y \a \z". i ^ i "i n = 2
We also denote by T*ia) and Cia) the subclasses of 7 that are, respectively, starlike of order a and convex of order a.
In [5] , Schild investigated the subclass of 7 consisting of polynomials.
We show that the coefficient bounds, distortion, covering, and radius of convexity theorems he obtained remain valid for the whole class 7. We also prove comparable theorems for the classes T*ia) and Cia). In addition, we
show that a function in Cia) must be in 7*(2/(3-a)).
In the sequel, we shall assume that the coefficients of a function in 7 are defined by (1).
Coefficient inequalities.
We begin with a theorem that relates the modulus of the coefficients to the order of starlikeness.
Proof. It suffices to show that the values for zf /f lie in a circle centered at w = 1 whose radius is 1 -a. We have
This last expression is bounded above by 1 -a if
which is equivalent to oo (2) y,ina-)\an\ < 1 -a. Corollary. Let fiz) = z + Ia0 .a zn. If 2°° ,«(« -a)\a I < 1 -a, then
Proof. It is well known that / £ K(a) if and only if zf' £ S*ia). Since zf = z + 2°° na z", we may replace a with na in the theorem.
For functions in T*ia), the converse of Theorem 1 is also true. Theorem 6. If f £ 7*(a), then
Equality holds for fiz) = z -(l -a)z2/(2 -a) (z = ± r).
Proof. We have
In view of Theorem 2,
A substitution of (5) into (4) yields the right-hand inequality.
On the other hand,
This completes the proof.
Corollary. If f £ C(a), ¿Aerz
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use l-^r<\f'\<l+)^r (|z|=r).
Equality holds for fiz) = z -(1 -a)z2 /2(2 -a) (z = ± r).
A Theorem 7. If f £ Cia), then f £ 7*(2/ (3 -a) ). The result is sharp, with fiz) = z -(l-a)z /2(2 -a) being extremal.
Proof, In view of Theorem 2 and Corollary 2, we must prove that
It suffices to show that
But (6) is equivalent to n -In + 2 > 0 (n = 2, 3, ... ), and the theorem is proved.
There is no converse to Theorem 7. That is, a function in 7*(a) need not be convex.
To show this, we need only find coefficients \a i for which 7 J 72 (7) Zf^|K><l and I>2K|>1.
72=2 72=2
Note that the functions / (z) = z -(l -a)zn/(n -a) (n > l/(l -a)) all sat- ' 72 isfy both inequalities in (7). We now determine the radius of convexity for functions in 7*(a).
(n= 2, 3,---). Solving (9) for |z|, we obtain
Setting |z| = r(a) in (10), the result follows.
Remarks. The integer n that yields the sharp result in Theorem 8 is a nondecreasing function of a, and grows arbitrarily large as a tends to 1.
For 0 < a < 2 -4^7/7 = .487 ..., n = 2, so that rid) = (2 -a)/4(l -a). For 2 -4\/7/7 < a < .572 ..., 72 = 3, so that r(a) = ((3 -a)/(l -a))H/3.
The radius of convexity for S*i0) is known to be 2 -^3. MacGregor Proof. The operator L defined by L/(z) = f*fit)/tdt is a linear homeomorphism from 7*(a) to C(a).
We are now furnished with an alternate method for proving some of our previous theorems. For example Theorem 4, Theorem 6, and their corollaries may be proved by examining the extreme points for the appropriate classes.
Most subclasses of S ate defined in terms of a geometric restriction on the image domain (starlike, convex, close-to-convex, etc.). We close with a problem concerning a subclass of S defined in terms of a geometric restriction on the coefficients.
Open problem. Suppose fiz) = z+ e 2°°_2|a \z" is in S (0 < |A| < n).
Can we find a sharp function giX, n) for which \a \ < giX, n) fot every n?
Here we have restricted the coefficients to a ray whose argument is À.
Note that giO, n) = n, with the Koebe function fiz) = z/(l -z) being extremal; and g(?T, n) = \/n with extremal function fiz) = z-z"/n.
Is giX, n) a decreasing function of |A|, perhaps something like giX, n) = 7ZC0S ? For 0 < |A| < 77, nothing is known. We do not even know if the Bieberbach conjecture is true.
